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In this paper, a 2-point Block Parameter Dependent Integration Formula (BPDIF) is developed. The method 

is dependent on the parameter  that is inserted to help determine the range of values for which the method 

is A-stable. Range of values for   is presented herein. The proposed method are of order p=2 and compete 

favorably with other known methods in literature. 

1.0 INTRODUCTION 

Numerical integration of Stiff Initial Value Problems 

(IVPs) in Ordinary Differential Equation (ODEs) of the 

form: 

  NNN RRRfRRybxayayyxfy  ::,,),,( 0    (1) 

is still an active area of research. Most times, the solution 

to Eq. (1) cannot be obtained analytically, so methods 

like the Linear Multistep formula (LMF) are developed 

to integrate Eq. (1). Using LMF requires that the method 

must have k-1 initial values for integration to commence 

and the method must be A-stable. Over the years, many 

numerical analysts have taken various steps in solving 

Eq. (1), some of the existing methods are documented in 

[5-9]. 

To exploit computational speedup inherent in modern 

day computers, the Block Methods were introduced [4]. 

Block Methods are generalization of Linear Multistep 

Formulas and generate approximate solutions at more 

than one grid point at every cycle of integration. The 

number of points, depends on the structure of the block 

method. A – stability been a very important requirement 

for method designed for the integration of stiff initial 

value problems.In order to ensure A-stability of the 

method, the integration formula being developed must be 

implicit. In this paper, a family of two point block 

method is introduced that is parameterized by the 

insertion of parameter. The insertion of parameter is to 

afford for search of range of interval for which the family 

of method is A – stable. 

 

2.0 STRUCTURE OF THE PAPER 
The rest of the paper is structured as follows: section two 

is on the derivation of the proposed method, the stability 

characteristics are presented in the third section while in 

section four is on the numerical experiment on two 

standard numerical test problems. In section five, the 

conclusion is presented. 

2.1 Derivation of Method 

Consider the method of the form: 

 nnnn FFhBYAYA   1110
                              (2) 

where 


 is a real value constant determined in such a way 

as to ensure that Eq. (2) is zero stable. If 
0

, (2) 

reduces to a 2-Point Block Backward Differentiation 

Formula (BDF) developed in [9]. Also, 10 , AA
  and B are 

22
matrices whose entries are as prescribed as follows: 
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In Eq. (2), nnn FYY ,,1  and 1nF
 vectors are given by: 
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Note that  
   ., nnnnn yxffandxyy   

The proposed method Eq. (2) is herein referred to as two-

point Block Parameter Dependent Integration formula 

(BPDIF). 
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The Linear difference operator   ];[ hxyL  associated 

with Eq. (2) is  

 

        (3) 

Inserting coefficient matrices and vectors in Eq. (3) 

yields Eq. (4) 

                                                                                (4)
 

It is assumed here that 

 nxy

 is differentiable and 

continuous for as many times as maybe required.
 

Taylor expanding 

           111111 ,,,,,,  nnnnnnn xyxfxyxfxyxyxy
 

in first row of 
  ];[ hxyL

 in Eq. (4) about nx
, gives 

                                                                                     (5)

 
Simplifying (5) to obtain 

(6) 
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Where 

211110 1 aaC       

  

 

11111112 221 bbaC   
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Similarly, Taylor expanding  

           111111 ,,,,,,  nnnnnnn xyxfxyxfxyxyxy

                                                                                  
(9)

 

 in second row of 
  ];[ hxyL

 in Eq. (4) about nx
, gives 

                                                                        

Simplifying Eq. (9) to get 

                                                                                      (10) 
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                                                                                        (11) 

Where 

211120 1 aaC      

 11111121 2 bbaC     

 111122 44 baC    ...  
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Equations Eqs. (8) and (12) give the order condition for 

the method Eq. (2). 

Definition 1 cf. [3] 

A block method is said to be of order p if  

0,0... 1210  pp ccccc                      (13) 

Where 1pc is the error constant. 

To determine the order of the BPDIF, substitute 11a , 

12a  and 11b  into Eq. (8) 
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Since 0,0 13121110  CCCC , the equation is of 

order p=2. 

Similarly, substitute 21a , 22a  and 22b  into Eq. (12) 
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Since 0,0 23222120  CCCC , the equation is of 

order p=2. 

The linear systems of equations Eqs. (8) and (12) are 

solved to obtain the elements of matrices A and B. 
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Coupling equations Eqs. (14) and (15) in the form of (2), 

observe 
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2.2 Stability of the Method 

The BPDIF is said to be zero stable if all the roots of the 

first characteristics polynomial associated with Eq. (2), 

   has root .2,1,1  t   and root 1  is 

simple, [4]. 

The characteristic polynomial    associated with Eq. 

(2) is  

  10 AA    
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To ensure that method (2) is zero stable, determine a range 

of values for parameter   for which  
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The choice of   in Eq. (18) that ensures that method Eq. 

(2) is zero stable exist in interval  1,1 .  

Applying BPDIF Eq. (2) to the test equation  

,' yy   

yields the characteristic polynomial 

 
   )(det, 10   RzBARAzR

                      (19) 

The boundary locus for some values of   in the region 

 1,1  is shown in Figure 1. Figure1(a) shows the stability 

region for the Integration formulae Eq. (2) when 

)9.0,0( while Figure 1(b) displays the stability region 

for the values of the parameter  0,9.0  
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Figure 1(a): stability region of BPDIF when 9.0)0(0   

   

Figure 1(b): stability region of BPDIF when 0)9.0(9.0   

The region of absolute stability in the Figure1contains 

the entire left plane of the complex plane. Hence, BPDIF 

is A-Stable for the range of   chosen. 

3.0 NUMERICAL EXPERIMENTS 

In this section, the BPDIF is used to solve the following 

numerical problems: 

Problem 1 cf. [1] 

Given the nonlinear system 

 SinxCosxyyy
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with initial values  

    30,20 21  yy  

The analytical solutions for the system are: 

    CosxexySinxexy xx   2,2 21 . 

 

Problem 2 cf. [4] 

The system of linear equations represented below: 

The analytic solution is 
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The approximate solutions of problems 1-2 are generated 

by the BPDIF method. The exact solutions of the problems 

and the absolute error consequential to the use of the 

BPDIF method are presented in the following tables.  
 

Table1: The absolute error result for problem 1 using BPDIF 
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Table 1 highlights the error difference of the exact 

solution of problem to the approximate solution 

generated by BPDIF Eq. (2) for 1.0 .  

Table 2: Absolute error for Problem 2 

x  Exact Solution Absolute Error 

0.25 0.082084998623899 0.002637659259219 

0.5 0.006737946999085 0.000298063557151 

1.0 0.000045399929762 0.000003086784812 

 
Figure 2: Solution curve to problem 2 using BPDIF and 

2PBM 

The figure 2 shows the graphical behavior of the 

proposed method BPDIF in comparison with the 2PBM 

developed in [2] for problem 1. The BPDIF approximates 

the closest to the exact solution of the problem. 

 

4.0 CONCLUSION 

In this paper, a family of 2-point parameter dependent 

block integration formulae has been developed. The 

proposed family of method is A-stable for  1,1  and 

performs creditably when compared to existing method 

in the literature.  
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